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Problem Set #5

Exercise 1 :
If S ‰ H subset of G then WS “ ta1 . . . ar : r ă 8, ar P S Y S´1u is a subgroup and is
equal ă S ą.

Exercise 2 :
In pZ{12Z,`q, determine the subgroup H generated by :

1. r2s.
2. r3s.
3. r2s and r3s.

Exercise 3 :
Prove that if H is a subgroup of pZ,`q, Dm ě 0 in Z such that H “ mZ.

Exercise 4 :
In pZ{12Z,`q, find all rks that are cyclic generators with respect to p`q. We are looking
for a “ rks with additive order opaq “ |Z{12Z| “ 12.

Exercise 5 :
Suppose a group element x P pG, ¨q has the property xm “ e for some integer m ‰ 0.
Then x has finite order opxq, but the exponent m might not be the order opxq of the
element x. Prove that any such exponent m must be a multiple of opxq. (Hint : Letting
s “ opxq, write m “ qs` r with 0 ď r ă s).

Exercise 6 :
Prove that pU8, ¨q is not cyclic. Prove that pU7, ¨q is cyclic.

Exercise 7 :
If a group G is generated by a subset S, prove that any homomorphism φ : G Ñ G1 is
determined by what it does to the generators, in the following sense :

If φ1, φ2 : G Ñ G1 are homomorphisms such that φ1psq “ φ2psq for all s P S,
then φ1 “ φ2 everywhere on G.

This can be quite useful in constructing homomorphisms of G, especially when the
group has a single generator.
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